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Matrices in the PLMs for private agents and the central bank

The true model of the economy is a standard New Keynesian framework, as developed by

Gali (2008); the specification that we use is similar to Dennis and Ravenna (2008). We assume

perfect indexation of prices that cannot be reset to past inflation, as in Christiano et al. (2001).1

Private agents’ behavior in this economy can be described by the following equations:

yt = EPA
t (yt+1)−

1

σ

(
it − EPA

t (πt+1)− rnt
)

(1)

πt =
1

(1 + β)
πt−1 +

β

(1 + β)
EPA
t (πt+1)−

κ

(1 + β)
yt + wt (2)

rnt = r + ut (3)

ut = ρuut−1 + εut (4)

wt = ρwwt−1 + εwt (5)

where all the variables are as described in the paper. In addition the central bank controls the

nominal interest rate it through the policy instrument xt according to the equation:

it = xt + vt (6)

where vt is a monetary policy shocks, which is assumed to follow the AR(1) process:

vt = ρvvt−1 + εvt (7)

∗The views expressed in this appendix are those of the authors and don’t necessarily reflect the position of
the Federal Reserve Bank of Richmond or the Federal Reserve System.
†Federal Reserve Bank of Richmond, email: christian.matthes@rich.frb.org
‡University of Ottawa, email: frondina@uottawa.ca
1This assumption ensures that the pricing equations are unaffected by the presence of positive trend inflation,

so that the steady state output level is independent of the steady state inflation level. See Ascari (2004) for a
discussion.
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Private agents estimate:

it = zR′t−1ψt + ωPAt (8)

while the central bank estimates:

yt = zR′t−1cyt + ωCByt (9)

πt = zR′t−1cπt + ωCBπt (10)

where in both cases:

zRt =
[
yt πt it 1

]′
(11)

The central bank, chooses the policy rule for xt by minimizing the expected discounted

quadratic loss function:

ECB
t−1

∞∑
j=0

βj[(πt+j)
2 + λy(yt+j)

2 + λi(it+j − it+j−1)2] (12)

given (9) and (10), and the estimated values of cyt and cπt. Since the central bank’s optimization

problem is repeated in every period given updated values of cyt and cπt, the optimal policy vector

will be dependent on the current period estimates of these parameters and it will be changing

over time: xt = −FtzRt−1. The expression for the nominal interest rate becomes:

it = f0t + fπtπt−1 + fytyt−1 + fitit−1 + vt (13)

The matrices of the PLM for the central bank can easily be obtained using (9), (10), and

the policy rule (13).
1 0 0 0 0

0 1 0 0 0

0 0 1 −1 0

0 0 0 1 0

0 0 0 0 1




yt

πt

it

vt

1

 =


c1yt c2yt c3yt 0 c4yt

c1πt c2πt c3πt 0 c4πt

−fπt −fyt −fit 0 −f0t
0 0 0 ρv 0

0 0 0 0 1




yt−1

πt−1

it−1

vt−1

1

+

+


1 0 0

0 1 0

0 0 0

0 0 1

0 0 0


ω

CB
yt

ωCBπt

εvt


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or:

ACBzCBt =
(
CCB
t −BCBFt

)
zCBt−1 +DCBεCBt

This expression gives the PLM for the Central Bank:

zCBt = Φ1,tz
CB
t−1 + Φ2ε

CB
t (14)

where Φ1,t =
(
ACB

)−1 (
CCB
t −BCBFtQ

CB
)

and Φ2 =
(
ACB

)−1
DCB.

The PLM for private agents is given by the equations of the model (1)− (4) together with

the perceived interest rate rule (8). These equations can be rewritten in matrix form as:



1 0 1
σ
− 1
σ

0 0 0 − 1
σ
r

κ
(1+β)

1 0 0 −1 0 0 0

0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0

0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0

0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1





yt

πt

it

ut

wt

EPA
t (yt+1)

EPA
t (πt+1)

1


=



1 1
σ

0 0 0 0 0 0

0 β
(1+β)

0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 0 0 0 0 0 0


EPA
t





yt+1

πt+1

it+1

ut+1

wt+1

EPA
t+1(yt+2)

EPA
t+1(πt+2)

1




+

+



0 0 0 0 0 0 0 0

0 1
(1+β)

0 0 0 0 0 0

ψyt ψπt ψit 0 0 0 0 ψ0t

0 0 0 ρu 0 0 0 0

0 0 0 0 ρw 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 1





yt−1

πt−1

it−1

ut−1

wt−1

EPA
t−1(yt)

EPA
t−1(πt)

1


+



0 0 0

0 0 0

0 0 1

1 0 0

0 1 0

0 0 0

0 0 0

0 0 0



 εut

εwt

ωPAt


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or

APAzPAt = BPAEPA
t

(
zPAt+1

)
+ CPA

t zPAt−1 +DPAεPAt

The solution will take the form:

zPAt = Γ1,tz
PA
t−1 + Γ2,tε

PA
t

thus

EPA
t

(
zPAt+1

)
= Γ1,tz

PA
t

and we can rewrite

APAzPAt = BPAΓ1,tz
PA
t + Ctz

PA
t−1 +DPAεPAt

This expression can be used to solve for Γ1,t and Γ2,t; we use Sims’(2001) Gensys program for

this purpose and we allow for the possibility of an indeterminate solution.
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Matrices in the ALM

The ALM for the variables in the model can be obtained from the true equations (1)− (4)

together with the true interest rate rule expressed by (13), and can be written in matrix form

as: 

1 0 1
σ
− 1
σ

0 0 0 0 − 1
σ
r

κ
(1+β)

1 0 0 −1 0 0 0 0

0 0 1 0 0 0 0 0 0

0 0 0 1 0 0 0 0 0

0 0 0 0 1 0 0 0 0

0 0 0 0 0 1 0 0 0

0 0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 0 1





yt

πt

it

ut

wt

vt

EPA
t (yt+1)

EPA
t (πt+1)

1


=



1 1
σ

0 0 0 0 0 0 0

0 β
(1+β)

0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

1 0 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0


EPA
t





yt+1

πt+1

it+1

ut+1

wt+1

vt+1

EPA
t+1(yt+2)

EPA
t+1(πt+2)

1




+

+



0 0 0 0 0 0 0 0 0

0 1
(1+β)

0 0 0 0 0 0 0

ψyt ψπt ψit 0 0 0 0 0 ψ0t

0 0 0 ρu 0 0 0 0 0

0 0 0 0 ρw 0 0 0 0

0 0 0 0 0 ρv 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 1





yt−1

πt−1

it−1

ut−1

wt−1

vt−1

EPA
t−1(yt)

EPA
t−1(πt)

1


+



0 0 0

0 0 0

0 0 1

1 0 0

0 1 0

0 0 0

0 0 0

0 0 0

0 0 0



ε
u
t

εwt

εvt



or:

Azt = BEPA
t

(
zPAt+1

)
+ Ctzt−1 +Dεt
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Due to indeterminacy, the matrices of the ALM have an invertibility issue. To side-step this

problem, we plug in the PLM of private agents twice to get:

EPA
t

(
zPAt+1

)
= Γ1,tz

PA
t

= Γ2
1,tz

PA
t−1 + Γ1,tΓ2,tε

PA
t

and from this we can write:

Azt = B
(
Γ2
1,tM

PAzt−1 + Γ1,tΓ2,tε
PA
t

)
+ Ctzt−1 +Dεt (15)

where MPA is a matrix selecting the elements of zPAt from zt. Notice that the elements of εPAt

can be written as a function of the elements of εt and zt−1, since εut and εwt are included in εt

and

ωPAt = it − ψtzRt−1
= − (Ft + ψt) z

R
t−1 + vt

= − (Ft + ψt) z
R
t−1 + εvt

where the last step follows from the simplifying assumption that we made in the implementation

of our model that ρv = 0. Notice however that ωPAt enters in (15). For this reason, we adjust

the model to account for private agents’ perceived variance of ωPAt as follows:

εPAt =

 1 0 0

0 1 0

0 0 σv/σ̂ωt

 εt

−

 0 0 0 0

0 0 0 0

0 0 1/σ̂ωt 0

 (Ft + ψt) z
R
t−1

or:

εPAt = S1εt + S2z
R
t−1

S1εt + S2M
Rzt−1

where σ̂ωt is the estimated standard deviation of ωPAt , and MR is a matrix selecting the elements

of zRt−1 from zt−1. Finally, the ALM of the model can be written as:

zt = Ψ1,tzt−1 + Ψ2,tεt (16)

6



where

Ψ1,t = A−1
(
BΓ2

1,tM
PA + C + Γ1,tΓ2,tS2M

R
)

Ψ2,t = A−1 (D + Γ1,tΓ2,tS1)
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